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SURRIAKY

Qualitntive comaldevations concerning the =ffect of pegative
presgere gradlent oz the stability of the supsrgovic laminsr bourdsyry layer
are suwpoplemented in HMls prper by caiculations of the gpprosimete mindmum
critical Reyuolde mmhar, or gtabiiity lindt, for ths boundary layer on
several insulated, suvpsracnic, symsetricel cireuler-sre airfolls at ¥sch
numbers of 1.5, 2.0, ani 3.0. Velocity and temperaiure distrihutions
scrogs the boundary layer ave obbained by the Dorcdnitzyn~Pohlhsusen method
based on the von Ka.man memontum iutegrsl eguasion.

A% low supersenic Mach mumbers the lemirar boundery layer over an
insulaied suxface *e completely stebilized whon the modified Pohlhausen
peremeter Mo~ 5 f}fz 3’( M) ig lsrger then & cevi ritical value
that depends only on the ¥ach number and the properviesr of the gaz. For
example, at ¥ = 1.5, ,\m = 6.5;at M =175, A 2 7, and at M, = 2.0
}\MEE /} - For i = 2.0, the destebilizing effect of acrodyramic hesting

is dominant and the incrsase of the minimum criitleal Reynolds mumber,
Rey with A is emall w®il Ay i/ . For My = 3.0, the influence
of ;régative pressure gradient is negligible, at least for an insulaeted sur-
facs.

Compsriscons between the celculsted distrlbution of the stabllity
limits over the eirfoil at ¥, = 1.5 and the growth of the Reynolds mumber
baged on the boundary leyer thickness for verious £light Reynolds numbers
(‘Rec ) show that,

)
a) Tor the six per ceat thick airfoil at »{= 0 a region of un-

staeble leminar boundaxry layer flow exisis over ¢ conalderable portion of the




forvard kal? of the aixfoll for Re, > 7.5 x 10°. Hovever, the boundary
layer ia campletbely ziebhilized at cbout the 70 per cent chord station.

bh) Fov the ten per cenh ithick airfoil ot K= 0° the unstable
region is smell until Bc—zc ® 3Ix 106 ond the boundrry layer is completely
gtabilizad at aboult mid-chord.

c) Tor the six per cont thlek ainfoil at o= L° the unstable
region iz alresdy large on ¢l uppsr suriace ad Re, = TH5 =z 107, but 48
ingigniZicuunt on the lower suriace until Rec Z 3= 106.

&) At Tioynolds punbexrs somewhat below the respsctive velues \_
given in 8}, b}, ¢}, the lewminer boundary layer 1a completely sheble.

2% Hl
over the enbtivrs surface of bBoth the aiz and ten per cent thick airfeoils at

= 2.0 the laninar bouundary lsyer is unsiable for Re =T7.5 x 105
(\

A Oon
Conclusions drawn from lsminer siebiliiy calcalstions bassd on
the linesr perturbstion theory must be applied with great cavre to predic-
tions of trapsition. However, 1t sesms safo to state that at low super-
sonic' Mach nwmbers tremsition on an insulated, symmetrical circular-arc

airfoil is probebly delayed ag compared with transition on an insunleted

£lat plate, for 7.5 = 105 < Bec %=5.0x 3.06., At angle of attack one wouid
expact a stronger stabilizing effect on the lowsr surface than on the upper
surface. The stabilizing effect of nepative pressure gradlent on these alr-
folls 18 expected to incresse with thickwese ratia, and this »fPent may bave
imporiant conSequEnray FNr wiii o oo L. L. ur AvaEg awd the L L. L LT

selecting supersonic airfoils «=i1th cptinog asrodyusmle vharactzvistisg.
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LIST OF SYMBOLS

The subecript "1" denotes paysical quasntities in the undisturbsd

strsem shead of the body; the gubsceript " § ¥ denotes quantities at the

"edge” of the boundory loyer; the subscript "v" denotss quantities at the

surface; the gubscript "o denotes local, adiabatic stagnetion veluss of

the physical guaatities.

oq
B

o

gl

MAX

distapce along the surface (messured Prom mid-chord
on aivfoll)

co-ordinate normsl to surface

ccamponsnt of ges velocity parallel to surface

nreasvre

éensity

ebgclute temperature

ordinary ceoefficlient of viscosity

axponent in approximate relation /u. ~

ratio of specific heats of gas, %/cv

local spead of sound

Mach mmber u/a

vounrdary layer thickness

boundery leyer displacement thicknsss, / { / “.(g’;g:.) dg,
by 5 Y

charactoristic length (e.g., radius of curvature of
¢ircular-arc eirfoil)

maximum gag velocity in adlabatic, steady flow, y 2 cp 'J.‘o
uws

Viian
airfoll thickress ratio

transformed coordinstes parallel and normal to surface
in Dorodnitzyn method




ndli

Value of % corvespomdiing to “edge" of boundary layer,
where y= §

w velocity ratio ufu,
)\ "5} —-——-I-—; é},{_ ; modified Pohlhausen parameter
f—-J* da
Re Teynolde nwmber, @‘q,‘ on .l..:
/
Re 5 2 Re P Teynolds oumbers, (’6‘ Uy & and !0,5- ad_S* s
respectively . /""8 /u;
Re 5 Hinimum critical Reynolds number, or stability limit,
P for lasminar flow
c airfoll chord
Beo Reynolds mumbsr w o
& F] a——
/‘;
R redius of curvaiure cof circular-zrc alrfoll
/ < -
\g & {2 [ é/ " Ql) J
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STABILITY OF TEE SUPERSONIC ROUNDARY ILATER WITH A FRESSURE GRADIERT

1. Imtroduction

Both theoretically and expexrimentally the strong effects of e
pregsure gradient in the ficw dirsction on the atability of the leminar
boundary layer, the rate of amplification of unstable dlsturbances, and
trangition to turbulent filcv avg well-kuown &t low spesds. Extenslorn of
stebility considerations basged on the smell pertuwrbstion theory to a com-

ressible fluid (references 1 and 2) opens the way for an anelysis of the

e

effect of pressgure gradient on laminar dboundery layer stebility at high
spesds. Tirst, however, it was necessgery to show that st high Reynolds
nunbers only the local velocity and teuperature distributlons across the
boundary layer debtermine the stability of the local flow. A proof of this
fact, vhich amounts 0 an eztension of Pretsch's result (reference 3) to &
compressible £luid, together with e careful examination of the approxime-«
tions involved, bas been furnished by Mr. Sin-I Cheng¥.

On the assumption that only local flow properties determine local

P

stebility, the probable effects of pressure gradient on lamipar stabllity

were briefly discussed at the end of reference 2. ¥rom physical consgidera-
tiong and a study of the equations of mo’cion} it appears (for example) that
i the stabilizipng influence of = negative presgssure gradlent must compete with
the destabilizing influence of asrodynamic heating, or viscous dissipation,
at least for zeroc heat transfer at the surface. At high supersonic Mach

nugbers the moderate pressure gradiente generally enccuntered on airfoils

* Paper to appear shoritly.
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with continucus glops can be expected 1o exert only 2 negligibls influence

"]

u lamipar boundery leyer stebility., On the other hand, at low supersonic
Mach numbers., where the asrodynemic heating sfivct ig stild modsrats, the
laminar boundary layer ls theoretically coupletsly svabilized if the nege-
tive pregsure gradient exceeds & certain critical walue that depenis on the
¥ach number, the surface heab transfer rate, and the properties of the gas.
Thus, at low supersonlc Mach numbers, the stebility of the lamirnar boundary
leyer over an airfoil is expected %o Gepond critically on the shape, thick-
ness, and angle of afbtack of the sirfeil, while at high supersgonic Mach num-
bere the gurface heat transfer rate is the important fachtor.

The puwrpose of the present rsport iz to supplement purely aualita-
tive considerations with e gquencltative estimate of the stabilizing influence
of = favorsble (negetive) pressure gradient onm the laminar boundary leyer over
repregentative supergonic airfoils. The methods develoved ars spplicable to
the laminer boundary layer over any surface (e.g., nozzles, diffusers, stc.),

80 long as the approximations of the boundary layer theory remain velid. In

order to separats the effects of surface heat transfer rate and pressurel gra-
dient for the present, only the case of zero heat itransfer is considered.
Bscause of the extreme sensitivity of the stebility of the laminar
boundary layer flow to the distribution of the gradient of the product of
density end vorticivy Zgé ((% 1; across the layer, it would be desirabie to
obtaln exact solutions of the abounﬁaz'y layer equations of motion for the
flow with pressure gradient along the surface. While no exect solutions beave
besn obtained up to the present, Stewartson shows in e recent paper (refer-

ence 4) that, at least for Prandtl muber unity and e linear viscosity~

temperature relation, amy compressible fluld boundary layer flow over an
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insulated surface with a prescribed pressure distritution ean be reduced
to an zguivelisnt lov-spezd boundery lager Llow with o Lrenaformed prer-
sure distribution. This cquivalent low-speed flov csn then bz treated by
Howarth's seriss-exyeusion method (reference 5), or by othsr msans.

Bven with the great simplification intreduced by Stewartson,
the =wount of work involvad in ths celewlsvion is considevable. 45 &
first attempi, therefors, it wee decided to employ the less accurate mebhe
o8 of JDoroidnitzyn (rgference 6), which smovnts to an extension to & com-
presgible fluid of the Pohlheusen techmigue basced on the von Kag':m?z nomsn-
tum equation (refersnce 7). Iaminar stebility calculations based on mean
velocity and tamperaturs distributions obbtsined by Dorodritzyn's mothod
can Turnleh only the order of magnidtuds of bhe pressurs gredlent effect.
However, these calculations showid indicate the rapge of Mach mrnbers
where the pressure gradient pleys & critical rols in determlining laminar
boundary layer stability. Hore accuvsgte f£iov solubiocas based on the
Stevartson-Bowvarth method can be obiained later in these critlcal cases.
The approximete leminar stabiliify calculations in {ths presert report might
alsc serve as & gulde to ezperimentasl resecarch on the effect of pressure
grediente on transition on supersonic airfoils, and mey have interesting

implications for supersconic aixfoil drag snd airfoll desiga®.

#* Aftsr tho calculations of the present rewort had been completed, it was
lesarnsd that g. Weil of General Electric, in o vestricted report, hed car-
ried out similar calculations utilizing Dorodnitzyn's method, with e sixth
degree polyncmlal for the velocity distribubion. Becauss of a mmerical
exrror imvolving a factor of 77 in an important stebility function, the G. B.
report came to entirecly diifsrent {apd erroneous) comclusicps concerning
the effect of pressure gradient or laminer stability at low supersonic Mach
numbers. This errcr was pointed out 4o Dr. Weil, and it is understood that
a2 correctend and condensed version of his report is to appear ghortly in the
Journal of the Aeronauticel Sciences.
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2. Hean Veloeity sud Temperéature Digtribubtions Across the Laminar Boundary

with & Pressure Gradlenmt

The development of the boundary layer, and the mean velocity and
temperature digtributions ecrozs the layer, are to be calowlated by the
Pohlhausen wethod az mediZled by Dovodnitsyn for compressible flow over an
insulated plane surface with Prezdtl mmher cawal to 1.0 {reference 6).

The etarting point of the Fohlbausen method is the von Kermsn integral egua-

tion Yor the momesntum helsuce in the howadsry layer (reference T):

& bh
e .
(1) ..é- / Aa:‘f& - i .ZD_. 65(' -— Loam é—i é
VAR Y S A G~ e
0 0 w

Dorodnitzyn noticed that this eauation is reduccd to a fom similar to that
for isothermal low-speed flow if the ccordinstes perallel axd normal o the

surfacs are modified eg follows:

(22) do= L fe dx
L&o A

: [ 2
(2b) e = L L dy
ik

With the introduction of these new variebles, eguetion (1) becames:
_ A - gl
(3) 5}0_( [U Eﬁs}d'e —_— 'Ué—é {U‘S w"d'};z
LU 2R

/
= U fa 5‘;?:/[/-1;’&:‘)5{’5 - Ul)

T=0




i
i | - S

Xt
= 27
where §= Lo (f‘f‘% f r) O d>
~ ! 5y o
./ -Ly" Aty

. 2 Y
The temperature velccity relation, (3a) L=y =l A 0—-«3"}

- &

-2

given by Crocco (reference 8) for Prandtl mumber one and zero heat transfer

at the surface is employed throughoutb.

2
Frem the boundary condition for .‘—L-‘L at the suwface, one finds
¥

thet (AW —— F —ﬁ(,a) If (foliowing Pohlhausen) the quantit
Tl ) . og e gquantlvy

5’1 f[,q:) is ncw—:elected ag the pressure gradient psrameter }\(,4«) 5 Lthen
the velocity distribution can be approsimetsd es a polynomial in 7 across
the boundary layer, with coefficients dependont only on A » exactly as in
the cese of inccampressible flow. With the fourth degree polynomial of the

form:

@ w= Ar + B2+ Cz’ oL D1 ;

2%
the boundary conditions w@) = o (4 %r - M
7 i 2-’:2 e N\
\ L T=0
7 ) Y, { ?
s 2 ——
w{/; = : (____) = O
J
iy,
are satlsfied 1f A= 24 X -
6 2 < |
:: L4 avon ‘: ———
C= ¥=-2a , D=/ 26»
By substituting the polynomlal spproxzimastion for the velozlty pro-

file (equation 4) into eguation (3), a first-order differential equation for

A (8) is cbteimed. Actually, the non-dimensional varisble "s" disappears




gad the differential ecvedsion for >\ {x) can bec vrittm 23 Pollows;

o dA o SN - SN
dx =
Whers e / 52 \ . )\}.
RZI3 AR~ LG A T 0,20
% {5a) s = . -
21302 —~ S5T6N — N*
(50) 5, (\) = TS ) e 1336, 30 N 3732 2000)°
2/Z) — ST AN~ N
and "
e (Se) NI(A) = ﬁ _— (‘Z?i~§;s10_~/) ,[/
N
fb— }{Moz i"g‘
{ /
N (x) = — _L. ¢4 L op
& A Lo S J (AI/M M = s
(4 fg 0 I+%_l%g

{The primes denote differentistion with vespect to =.)}
Wnen the progsure distribution pl(x) clons the surfacs 18 pre-
: . \ 5 . .
sceribed and the valus of A &t one point is known, then equation {5) ~an

be integrated by nuitable mumorical nethods. For ezswple, for s supersonle

% These functions are identical with Pohlhzusen's,

A bypographicel ervor in the expression Loy x‘?l(x) in Princeton Aexoc.

Eng. Lab. Report #143 (1549} is here corrected. As ¥ ~» O, or My = 0,5 (x)
..::7%:, and Np(x} —> .%-' » which sgraes with Pohlbausen's formulatlon
for H << 1.

e




airfoil with attached leading-edge shock, the boundsry condition iz A = 0
at x = 0. The general properties of eguztion (5) for the case of canpres-
aible flow eve guite similer o0 the propertiscs in the limiting case of "in-
campressible” fiow.%* If a pressure minimum occurs at some point along the
surface (pl’ = 0), it is more convenient to introducs the new variable

Z = ?—; » in order to remove the singularity in equstien (5). Because of
)

the form of S1(A) and S5 ( A) [ez_:;ua;bions {5a) end (517)3 , which stems
from the polynomial spproximation to the veloeity profile (eguation &), the
Pohlhaugen method camnot be oxterdad beyond )\:: +12 without modification;
of course, the valve }\ = ~12 denotas £low separation. In the case of '
the smooth supersonic civcular-zrc girfoils treated in the presemt report,

-

none of these difficulties arlse in the vagloms of interest for the laminar
stapility calculaevions.

Once the distribution A (x) along the surface is kuown, the velocity
distribubion w('c) scrogs the boundary layer at any station is obtained from
equation (4),and the temperaturs distribution is calculeted from the Crocco

relation (32). Tho actusl distance from the surface y/J- is given in

texrms of T and A\ by the following expression (see eguation 2b):

\ |
(6) % o I(? x\/ B
Z (5) ,
where,
e
6a) L[z = HFEM)T -y WAy

* Bee, for example, Goldstein, Modern Fluid Dymamics, Vol. 1, pp. 156-163.




4
(6¢) I,(;\) = (/“ﬂ""ﬂ?')w LIy [&r&fmoooydA +oaow,&]

(It turns out that all the boundary sbobility parameters can be expressed
in terms of L ).

The developimsut of the boundery layer thickness slong the surface
i given by the relation: {See Appendix)
(7) R_e,g. = \)"")\ Mg !r/ ¥ V/ Yot ;? I.(/A)
- n, 2y
L. abg ( /7 L { /\"f; ) 2 /
Vs Ix <

Y -
Tt — G, Where "m" iz the exponent in spproximete vis-
()

cosity-temperature relation AL~ 7T . For gir, B= 1.b, 5::;.’3 0.20.

with n =

D= 2,50 =M. - ;f.

3. Calculation of the Stabllity Limi tical Reynolds Number,

Rea»m » for the lsminer Boundary Ilayer with a Fresgure Gradient. Ap-
i
plication to Insulated Supersopic Circuler-Are Airfoil

In reference 2 an epproximnte estimate of the atgbility limit for
a boundaxy ieyer fleow is obtalnsd Dy observing that the stebility limit ce-

curs very nearly when the phase welocity, ¢, of & neutral subsonic disturb-

ence has its meximm possible value. On this basis, it was found that




kY]

- -
[equation (5.8), reference 2 :

wvhere ¢, is the velwe of ¢ <£or which the giebility funcition - 2). v

equals 0.5860.% Thae Punctions v and A ore defimed as follows:

L 3 =
{9e2) vi{e) = 7T -—g/ //7}) ‘3 g, rbgs
74

(9p) N(e) = du/ ;L =5 - /
-

For a neubral gubsconic disturbonce to exlst, it is necessary that

e

c/\? O —

ey

When the mean velocity and temperature distribubtlons across the

boundary layer are calculated by Dorodnitzyn's method for ap insulated sur-

faco with Prandtl mmber unity, then ell guantitles required in the leminsr

stablility calculisticns cen be expressed im terms of )\ M: and w{?) and iis

derivatives, as follows: {See Appendix)

10) /Q“x ~ (;25[7,(?)? @27‘—%)1/'()\)

2%

Purviane o \/ }mMEL (’_CJL /‘?L" %_{ /4$Q.

* The function )\ (¢) appesring in reference 2 is hev'e denoted ) (¢), in order

+0 avoid confugios with the Pohlhausen parsmeter A ().




—m—

10

whers 7-( f /s (’ '%} and I () s given by

equation {5c).

dbas
(W) vle)s =TT 2+ )¢ et 202 VS
c)= ( > /?"&w{;ﬁcaly %{-':: _i_c'?/?"‘»'}/"{ng‘:_‘.;}

o ]
)U\' ror e, < / (/ ﬁ {+ %’/'&}ﬁﬂd)

We=e

e \V'4 7
(11b) >\(¢)~“-: él‘f‘?é I(>‘;, 22,) ) where I ( \ o b } is given
< '/%%Mgﬁ

by oquations {6a) snd (6b), and w({7T) &nd its derivatives ere obtains
fram equation (I).

Once the presgure distribution ig known over & surface, the
msthods Just oublinsd can be applied to the caleculation of the varistion of
Re T end Re 5} “ with distance along the surface. FWhen Reé, < He %
the local boundary leyer flow is stable and all smsll disturbances are

damned out. When R s > Res the lccal laminar boundary layer flow

vvvvvv (2%
Malnns
is unstable and self~excited disturbances of definite wave-lengths appear in

the flow. If the unstable rasglon is sufficiently extensive, these disturb-
ances eventually grow large én.ough &5 they move downstream to destroy the
lamipar motion end cause transition to turbulence.

One physically interegtlng case where the effeei of pressure gradi-~
ent on laminey stability might heve important implicatione 418 the flow
over gupersonic airfoils. As sn illustrative example, the stability limits

were calculated for symmetricael circular-arc sirfolls of siz and ten per cenb

thickness ratio at M, = 1.5, 2.0, and 3.0, and st angles of attack of zero




S U

and fowr degrees. Fresguve dlstributions over thess airfoils were ‘calculai:ed
by standard msthods, utilizing sipple obligue shock thsoxy for the flow across
the leading-ecdge wavee, and Prazdtl-lieysr eimsnsion for the flow over the sur-
fece behind the leading edge {roferornces 9 and 10). This method neglects the
entropy gradients in the Flow geumerated vy the refiection of ths expsusion
vaves from the leading-edge shecks, bubt these sffects are very small in the
casges ‘considered here.

For the symmetric circulap-arc airfoil the relations utilized in
the Dorodnitzyn method take a particularly simple form. The differential

equation {5) for A is:

(12) %é = % "“’,/(/_?) J: (x, + % ‘A‘f‘a (:%/) £ (k/‘ &
5 it N(=r00)= 0,

wiere  (/Ra), S/ W= — —e |1+ 2RO M2 7

T BLTE
() ¢/ /\/,(f) = -;/—~ j4 00 a0 M) Ry,

- ( %) 3 J ’ =76

(1) Ky = /A (!‘7’;— ,))‘; My

b 174
(/. 6. 20 M)

R T (N)
VE
‘r""t;‘; - g )
(734 = )

(Note that the characteristic length L is taken to he K) where P, is the

* Bere c¢ is vsed as the symbol for chord length.




staguation pressure behird the leading edge shock eni p, is stagmation
pregsure in the uvndisturbes streem.

The differentinl eguetion {12) was inbegrated by a finite dlffer~
ence method in which steps of 0.10¢ were utilized. ( AF = 0.20). Sever-
al checks wers mede with A S = 0,10 and the lexgest error found in the
values of .}\ at ony stavion was less then 2%. A typical varistion of

A (€ ) over an airfoil swrface is illustrated in Teble 1 for t/c = 0.06,
i

Sn, ‘
T

recorded in Table 2, for & = -0.60, t/c = 0.08, (=07, ¥, =1.5.

o= 0°, M= 1.5, 2.0 and 3.0. A typical caleulation of Re

(X “hant

L. Discussion of Results of Stebllity Calcwlations for Tuxrlated Symretrical

Circulex-Arc Airfoils at ﬁ:zl.S, 2.0, and 3.0.

In figures le and 1b, the chordwisge disiribution of Re Fen, for
insulated, symmetrical circular-arc airfeoils of six and ten yer c;gwmckw
ness retio st A=0° and 4° is plotted for M, = 1.5, 2.0, and 3.0. Several
important conclusions can be drswa from the figures, ’

1) ©Hear the lesding-edge. where the boundery layer is still rela-

tively thin and the viscous shear giresg is large, the effect of pressure j
gradlent on the veloelity and tempersture distribuliops across the boundery i
layer is small., This fact is expressed directly in the Pohlhasusen perameter,

« Py & I
N~ O YU Consequently, near the leading edge the effect of aexo-

Yo odx
dynanic heating is dominant, and the velues of Re . ars not much larger
Vins

M“Al
than the stability limit for an insulsted £lat plete at comparsble Mach nun-

bers.

2) Toward mid-chord, where the boundary layer is thicker and }\

is higher, the stabilizing sffect of s negative pressure gradient is significant




i3

at ;l = 1,50, At o= O: the lsminsyr boundery layer is completely stebi-
lized ot about mid-chord for tfc = 0.10, {AZ6) and at about TO ver cent
chord for tfec= 0.05 { A = {.& ). The stronzer pressure gradients on the
thicker alxrfoil zre largely responsible for eaylier stebilizabtion. Ll
3) At M =2.0 the destabilizing effect of asrodymemic heating ‘
is tThe domimsnt factor over the entire alrfoil and the incresse in Re ;
with A is moderate. AL ?ai =3, the influence of pregssvre gradient on lmnirm
ptability 1s negligible, at least for an insulated surface. g
Ly Az M, = 1.50 and ¥, = 2.0 the main offect of augle of atiack
is to produce higher values of Re Fen, on the iower surface then ¢n the 2
Miin 3
upper swriace. The lower Mach nunbsy and also the stronger pressurs gradi-
ents on the lowery surface are lavgely responsibie for this effect.
All the oboervaticns {1} ~ {&) cam be anbticipated from a atudy of | !
the gensral relsiion Rs 5%, = ; ( }\/fvé) , which is plotted in figuxe 5
Mt

for He = 1.5, 1.75 and 2.0.% For comperisom, the curve Reps = B A)

obtained by Pretsch (reference 3) ror Enl L« 1 ig algo shown. For low
pressure gradients the atabliizing effect oi"zxegative pressure gradient is

neturally much stronger for Hl £ < 1 than for hl > 1. However,

Re 5% -~y 1bhx 103 (finite) &8 A—» +12 at lov speeds, while com- N
pletembilizauon of the laninar boundary layer over an imsulated surface
is achieved af low spupersonic HMach numbsers above a certeln critical value of
)\ that depends only won the Mach number and the properties of the gas.

The effect of a pressure gradient along the surface on the stability of the

* Re g is gwpn by eguation 10 with ( X\ ) repleced by I, (A, , _
where 'hw.:’;{k) f[/v‘»""’ /‘f—/q.r)wuﬁ &{'b' «g ‘/'«g)\ + 4{)\ /
od A 3

1

030 + 0,49 ..'.;L' ‘“l; P g/ -...é 0083 =D 00?4HHL7
- / §d
= 0,0y} b-;_’ M;' N

.
i
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laminar boundary layer, although similer in some respects to the effect of
surface heat Uransfer rate, differs sssentielly in Its dspesndence on the bound-
ary leyer thickness, as expressed, for example, by the Pohlhausen parameter.

At 8 glven Mach numbsz the stability limit on s flat plate with zero pressure
gradient dopends only on the ratio of the "effectiws” tomperature difference
T, - T,g, to the free strean teapercture, where 'I's is the surface temperaiure

at zero heat trapsfer, and T, is the existing surface temperabure (referemce 2).

fince the distribution of the gradient of the nroduct of density

s / ; due . {
and vorticity /}.5{ { [/ ;“l-“l- ) aeress the bouwmdsry layer largsly detex- i
Lot &L )

mines the leminar stebility iimit, a clearer insight into the offect of
presgure gradient om laminar stability is obiteined by calculating the velocity
and temperature profiles. (Figures 2 end 3, tfc = 0.06, o = 0°, &= ~0.60.
(20% chord station))., Fox By = 1.5 the convemity of the velocity profile is
spparently sufficient to imsure that theo effect of negatlve pressuve gradieud
is stebilizing, despite the rate of increase of gas density oubward from the
surface. At higher Mach numbers, however, the rate of increase of density
outward fzi'an the surface 1s so large for w> 1 - % /
£ / (J j%;b) certeinly attains emaller negetive velues at a given w and
%

that the quantity

may even heccome positive. THids bebavior is illustrated by the variation of j
the stebility funection (1 - 2}: Jv across the voundery lsyer {sub-plot in
figure 3). '
It ie clear that thy effect of heal transfer on laminar boundary
layer stability at high Mach nusbers is fundementally different than the ef~
fect of pressure gradient. Heot withdrewal from the gas to the surface stabl-

lizes the flow largely because it produces an inltiel rate of decreage of gas

density outward from the swriace. The cffect of a favorable pressure gradient,
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on the other hand, can appear only in the relative convexity of the welocity

profile, and gbt high Mach mwbawes cannot countertelance the destedbilizing in-
fluence of the density incirgase oulwsrd from the surface. As the Mach mm-
ber is increased, the velocity profile also zppears to be lsas strongly
convex with given pressure gradient. As ghoun in referemce 2, for an in-

sulsted gurface,

}rd £ d"") | / 5 Ggét(y

d - 7 " 3
Ay (s WU (-7—‘;)”*' poodx
7 <+
e n 4
d (L JL")] - 3
[lag (& )] =~ ()
$70 i i ¥

]

\

- lsﬁ
\___'__
*'

/

o= o /Z(. /19 L % g’

¥

So far ag the stabillzing effect of nepative pressure gradient is
concerned, the intereating slitustions occur at low supsrsonic Mach nuznbsrs.

regliocns of leminar boundary .myer stsbility and instebility

* Of courge the Derodnitzyn~Pohlheusen method of approximating tha velocity
profils by « fourth dzgree clynomial (evqu.a’cloz_ 4} doss not permit the proper

boundary condition ( I “‘7) = «2[44«-—1) C.;F.J . < O to be satisfied.

o Cpro

In fact, with w(7) given by equation L,

(_é__u{) —_ X=X
AT 2 s

If m == 0.76 (air, room temperature) then for A > 2(approx), the valus of
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on the symmetrical circular-src eixrfoils at N =1,50 are illustrated in
figures #4a ~ bd: Por compmricom, the case tfe = 0.06, ol = 0°, M, =2.0
is alse included {figvre 4¢). The growth of Re 5 elong the surface is

5, i5 = 106

=
plotted For £light Reynolds muiders of 7.5 z 107, 3 = 10 and

Meldns
cass., Downstrsam of thisg point self-exclited leminar disturbances appsar

in the boundary layor flow and grew gieadily as they propagefe along the
surface, up o the stetion at which a gbability limit, or neutral point,

is again reachsd. For t/c= 0.06, o= O°, an vhstable region ezists

WV x 106, baged on 2irfoll chord and physical quantities evalusted in the

undisturbsd stream.

For & sufficiently large flight Reyuolds ﬁumber; the stability

limit (Reé. = Re For ) i crossed just aft of the leeding edge in every

over e ¢omgiderable porticn of the airfoil surface when Be, > 7.0 x lob,

vhile for t/e = 0.10, the upstable region is swall until Re > 3 x 106. *'1

At of= 42, (t/e = 0.06) the unstable region on the upper airfoil surface

15 already large at Rec =7.5= 105 s vhile on the lower swrTace the unstable E

region is ingignificant until Re, > 3=x 3.06-.-?-' At £light Rsynolds mumbers !
-

ecmewhat helow theese valuss the leminar boundary layer over the alrfoll is

completely stable, i least on ths pasis of the inviscid flow pressure dis-~ u

tribution. o important questions immedistely arise:

Footoote continued from p. 15. .

/7

(4&,.’;‘; )'e.-—o is emaller negatively than it should properly be,
axnd. 18 even positive for A ¥ k. This fact by itsclf would mean that the
values of Re 3 calculated in the present report are probably somewhat

CA,
too low for W'> 2 {approxj, and that complote stabilizetion of the laminar

boundary leyer probebly occurs at lower values of )\ at low supersonic Mach .
numbers than indicated here. KHowever, it ie difficult to estimate the effect
of errors in the higher derivatives and elsewhere in the Dorodmitzyn method. -
More accurate calculaticnz of the velocity profille are obviocusly required.

* It ig interesting to compare this behavior with the low~speed case {refer-
éncs 3}.
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1) Do ths seif-sxcited laminer boundery leyer disturbances have
sufficient time Lo grow as thoy propugete through the uvastable rsglon along
the airfoil surface so that tremsition to turbulent £low occurs hefore ths

WL

steble regiom is reached?

2) Suppose that transition to turbulent flow bas elready occurred

before the pelnt 18 reached at which a laminar flow would theorstically be

completely stabilized: s it poassible for ths turbulent flow to revert
back to leminar £1ow downstresm of the peint at which Re,. = Re o 2
(7] -
Wy

or is trapsition an essentially irraversidis process?

o L

A L PN

A linesr poerturtetion theory can never preteand to ansver suck

3

questions: eb most it can furnish only the initial rate of amplification

of the ungtable dlsiurbances. The solublion to the {rensition problem de-

pends on & knowledge of the turbulent energy spectrum, the rets of amplifi-

cation of the unstebleo disturbances, and the process, treatcd crly quellitae-

tively &a yet, vy which the lamipar flow is destroyed and transition occurs.

e 30y o et 1 ey
,

All that can be safely stated here is that at low supsrsonic Mech numbers

transition or & symmebrical circular-src airfoil is probebliy delayed as

-

~compared with trapsiticn on a flat plate, at least whem 7.5 = 3.05 < Re . <

5.0 2 :LO6 (say). At angle of attack, one would expect a larger stabilizing

effect on the lover gurfacs than on the upper surface. The stabillzing af-
fect on the lanminar boundary layer f£low should increase with airfoil thick- : ¥ =
ness ratio, and this effect mey have lmportant consequences for skin~friction

drag, and for the problem £sslecting airfolilswlith opiirum chax

7=}
Diaviien  waAcnad L

5. Soms Problems for Future Investigation

1. Cealculations of the stebility limites for supersonic laminsx

boundary layer flows in representative casss with the aid of the Dorodnitz
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method have nade it clear that accurabe solutions of the boundary layer
equations with presesure gredient are required at low supersonic Mach num-
bers (£ M £2 }. Tae Stevnrison-Mowarth method could be emplayad in a
faw cages of particular imterest, apd the distribubions of ( (’ d"‘)
acrogs the boundary layer compurceld with those obisined by the ﬂorodni'b?vn
mabhod.

2. Since Falikbuuna {reference 11} hss ezbtended vhe Dorodnmitzyn
method o imelude snrface heat trausfer (8t least Tor Prandtl number wnity),
it would hs desirable to utilize Kelilkhman's meihod to salculate the effect

P 3 »

of pressure gradient on the stabilizing influence oF hissti withdvawal ab sub-

sonic ard supsroonic ¥Mach nwwbers. It would be pardiculerly lwbteresting to

deternine the effect of pressure gradient on the eriticsl heat vransfer mals

reguirsd for ¢omploto siobilizalion of the lanirsr boundary layer.
- » ’ - - - £ - - - ‘
3. The comciusion that the laminar Doundery layer gi low super~

gonic Mach numbors is couplotely stabilized vhen tThe pressurs gradient '
paramster )\ is larger than a certain cribicsel valus could be tested by

an experimental investigation of the effect of pregswre gradient on transi-

o

6. Conclusions

1. At lov supersoulc Mach avmbers the laminer boundary layer over
an insulated surface is campletely siabilized by a hegative pressure gradient
larger than a certain critical value that depends only on the Mach mmber and
the properties of ths ges. When the Dorodnitzyn-Pohlhavsen method is cme~

ployed to caiculate the boundary layer developmeut, =rd the velocity dis

tribution across the layer ig approximeted by a fourth-degree polynomial,

complete laminar stabilization iz found at )\ = 4.5 for My = 1.5, at
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X\ & 7.0 for My =1.75and A& |{ gor ¥y =2.0 (Zor ezammle). (Here

o+ 4 F
A -“i;- %’f_{’? F(r/ is the modified Pohlhousen peremeter). For y
®
Ml = 2.0 the destebliizing effect of serodynemlc heating is domiveant end

the increage of the minimum critlical Reynolds mmber, Re g'% or

/
ability limit, with A is swall wasil A=3//. For M, = _-;.o the influ-

ence Of nagativ

f..,

@ pregsure gradient is nogligible, at least for an insulated

surface.
2. By examining the &istribubtion across the boundery layer of the
gradient of the product of density smd vorticity, ( ¢ =5 ¢ s which
“\% largely determines the limit of the stebility of the flov i 4+ is clesr thet

| : the stebilizing evfzct of a negatlve pressure grafient at high Msch numbers |
operates in o Lundsmontelly different way thsn the gtabllizing effect of
neat withdrawel from gos to surfeces. AL high ¥ach numbers heat withdrawal
i stabilizes the flow largely because of the initial rate of gecrease of gas

density oubward from the aurface. On the other hand, o negative pressure §

,l gradient over an inmsulated suriace can aifect only the relative convexity

of the veloclty profile,and cannot coumterbalsnce the desteblillzing influ-

|

|

I

|

|

| ance of the incresge of deusiiy oculward Trom the surfece.
| 3. Calculation of the chordéwise digtrilution of
|

e 5 pigered
LA,
i

insuleted symmetrical supsregonic circuler-grc airfoils of six and ten per

o

cent thickness ratio at oA=0° and ° for ¥ = 1.5 show that:

a) Near the leading edgs, where the boundary layer is thin,
and A\ is small, Reg, is not much larger than the
ARH

value Yor an insulsted flat plete st comparable Mach numbers;

b) At Ml = 1.5, the stabilizing effect of negative presswure gradi-

ent becomes significent toward mid-chord. At A= 0° the laminar




e

bowrdary lsyer is completely stabilized st about 50 per cent
- ) chord o the 10 per cent thick alirfoil, and at sbout 70 per cent
daed Tor /e = 0.06.
¢) The main effact of amgle of atteck ( (= 4°) at M, =1.5 is

to produce higher waluss of Re T the lower surface

/'f.mbv'-

‘

than on ths pper gurdace.
b, Comparison between the calculated valuse of the stabiliitny

limits and the growth of Re zy along She sixfoil suxfaces for Fiight
=z

=
Reynolds mumbers Be of 7.5 107, 3 = 6 s 35 = 6 and 30 x lO ki.'=l.5,
shovw that:

a) For tfc = 0.06, &=0°, a region of unstable lemimar boundery

i layer flow exists over & considerable portien of the leadlng

nelf of the sirfoil fox Rac > TS5 x 105;

For tfc = 0.10, the unsiable region is small until Bec >3 x 3.06.

Ul
ee?

e) atol= 5% (4/c = 0.06) the unstable region on the upper airfoil

surface i8 elyesdy lerge e Re, = 7.5 = ..05,. while on ths lowver 3

Fad
i¥
-~

1 . )
. gurface the vnsteble region iz insignificant umtil Re, > 3x 310 .

d) For Reynolds numbers below the respective values in a), b), ¢)

the laminsr houndary 3ayer is theorstically completely stable.

‘ A% ?a'l== 2.0, the lemiver boundary layer is unstable for Be‘; =T.5 % y
105 over the eutire surface of both the six and ten per cent thick airfoils '
at o« = o°.

5. Conclusions drawn from laminer stability caleulations based on
[ the linear perturbation theory must be applied with grsat cars to predictions

of transition. However, it gosms safe to state that at low supersonic Mach

numbers and for T.5 = 105-._4:- Re, £3.02 106 transition on an insulated
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. symmotrical, circular-arc sirfoil is probably delayed es compered with
trapgition on an insulated £lat plate. AT angle of stiack ome would ex- “
poct a sironger stabilizing effect on the lower surfacs than on the ugpst -
surface. The stabilizing offsct of megative pressure gradient on these

airfoils is expected to increase with the thicknessg retio, and this effect

ma, have Important conseguences for eirfoil shin friciion drag and on the

problem of selecting eirfoils with Spbinum sevodynamic characterietiss. Lo
6. On ths basis of the ecgbimatea of tha stabilizing effect of )
\l negative pressure gradient obialnsd in the preseat report, it seems worth-
vhile %o obtain more accurste solutions of the boundary layer equations at E

low supersonic Mach nunbers by the Stevartson~Eowarth msthod (references = 3

4
o
i
S
A¥]
o]
[¥]
&
o
Lo
%’;
9
D
€

It would ales he interesting Lo obtain some

estimates of the effect of negative pressure gradient on the criticsl raia )
of heet withdrawal raquired for complete stesbillization of the laminar bown-

| q

dery laver flow at supersonic speada. Kaliklman's eatesslon of Dorodnitzyn's

‘ method offers a scheme for carrying out the necessary calculatlons.

'
-

W el e —
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APPEEDIZ A

1. The Stshility Functions N (c) zad V- (¢) in Torms of w(y) end

Its Derivetives.

Siunce the stability functions A\ (¢} and v{c) are ncn-
dimensional, the veloclty end tcuperature derivatives appsaring in these
functions {equations 92 and Ob) can be expressed in termus of any coavenient

length paremeter. For oxample:

?

It is most convenieant t0 eoxpress the veloclity and temperature derivatives

———

t iy & = B AE - Ly L 'fﬁ.f

i B Y da iv 7 Iy
| 0 ¢

| o

‘ /

;. ey M, = A o ge L g

| ‘ 7 iz dy e A

l

l

l

contained in A  and vV in terms of y/ 5 -

Kow, (,g) . = ‘ﬁ_@ 5 s
S S VR

it

Or!

| Therefore)

L

- = J . / { duw ‘
. 16) oL Bl pp Y Joet 2 =

L 1) </+ 'Z,f%)/g ’+?‘i~i%{;~aaﬁ} ‘_/__ d"( 2

L

for Prandtl number vniity and zero heet transfer at the surface. In particular,

| (160) (‘?.f\) < / - L
- W=, (1+ E )"




By differentiatipg eauation (1.6) ons obiains:

or
s
(18} SR i
'3/49 = PéL. {
2 !'.L:H oV
\ v 5—) ( /7 /‘T“X‘ M (/*‘dyj
T ) b D
* F G
7 ;
[ i~ 1+ 1 f)-w)
For Prandtl number unity,
ST G m e dw
(19) T{ = 6‘ ”}M P

%/
b.f

%

by differentiation of the Crocco relation (equation 3a).

z/~_,_ /

(20)

t"‘“‘\xx)

Therefore,

. >
.....6( - 1,;' !‘-{;‘5 Iy ﬁl’;;

I
77? \3% L(/'i*?f-::/ﬁ"‘\%: -

Finally,

2k
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o
The fumction M\ (¢) is alsc expressed in terms of w{ L) and its

derivatives, as followus:

7

T -
(22) Ale) = «7/;_ \'}L/ L /

Fow, (23) /

” /
¥ = L(fﬁ = L) e ) A

Therefore,

—R

= PR V3 L PRIV Vo
ew Y = () D ) | ad

(2i) j\: c) = (! "’a ) ' T 7

: T g =6 ‘///""0”’”;‘("“"7)70}\" -— /.
/'M’“/ He I,
I - o)

3 - z£~
% (290) o= &) TN /
M -~ 4
C P A
2. Mininum Critical Rsynolds Number, Re \;)—W ‘ » &nd Doundary Layer Reynclds
A

Bumbers Reb, and Re e

In equation (8) the minimum c¢ritical Peynolds nuwber based on the
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and the ratic _9O_ is obtained fvom the relatica {23}, s Dollowe:

/

I

1"" e
[ FE - 4T

» 80 that,

Co AR & ) =z (3\)

K e = \G VS ey
/]
& L

vhere Il( A) is the value of the integral in equation (26). The expression

for Re g in equation {10) followe from equation {(27).
L7 X7, -N
The relation between Re T and the Mach number, pressure gradi-

ent and )\ ip derived Prom the dsfinition of the Pohlhaussn parameter, i

—2
A= & £{s), vhere:

v
7 . . A4 7 3

@) o)=L, = 1+ ) (L s) =l Eu) T ik

"o ‘ Uva fide) VY 4

Now,

4
{(29) - fi’r

|
|~
ES

y o
Re, (1+ % 1)

d‘?g 656’ Jf)(f ¢£ i J
and therefore, /
¥,y /
+
30 ) = — = %r [ L g, (6 ")/ -
s Ay \/ > !"/d, J ( RS /
Congequently,

(31) v = \/W\;_ m; /
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Thna connection betveen

By utilizipg the relation,

) Ry = (({%2 %r M- &R v
-5‘} 2

2/
the following expression for Re is Tinnlly obtained:

Fovitin o/
f Fo — \ 7}_ .
L33; = ‘/,_ : Y
e 71T MY @& R, T ()
—L (lié V . R r
=g ) e M,])fz«.
{ 75 A% 2 'r
where A= S ¥-3 /V
e it (e
+ (41

The exeression for Re P is obtalnad ag folicws; TFrom ths dafi-

nition of the boundary layer displacement thickusss,

5_ VB
A {
oT,
/
ey  §F /[/+ %’zvgﬁ.wﬁ — ) A7 )

end the walue of Re ., 12 given by the same oxpression as Re 5* » with
U

I,( A) replaced by I,(X\). The formule for I, im temms of )\ is given in

the footnote on page /3 .




TABLE 1

Representative Distribution of A8 over Symmetrical
Circular-Arc Airfoils:‘g-: 0.06, a = 0°

A (5)
S N
'§. M,= 1.5 M, = 2.0 M= 3.0
-1.00 0,0Q0 0.000 o,ooo-
& -0.80 1.251 0.8938 0.8033
F ~0.60 2.267 1.7481 | 1.628
~0.46 | 3.153 2.563 2.492
-0.20 3.964 3.380, 3.419
t 0.00 - 4737 4.213 g 4.4hh
0.20 5.502 5.085 . 5.6é3 )
ﬁ é 0.%40 6.289 6.034 7:077
| 0.60 7.137 7.124 9.167
% 0.80 8.108 8.502 |
!
' 1,00 9.346 11.103
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